ISOMONODROMY ASPECTS OF THE TT* 
EQUATIONS OF CECOTTI AND VAFA 
I. STOKES DATA 



c/3 



MARTIN A. GUEST, ALEXANDER R. ITS, AND CHANG-SHOU LIN 



Abstract. We describe all smooth solutions of the two- function 
tt*-Toda equations (a version of the tt* equations, or equations for 
harmonic maps into SL„R/SO ra ) in terms of (i) asymptotic data, 
(ii) holomorphic data, and (iii) monodromy data. This allows us 
to find all solutions with integral Stokes data. These include solu- 
tions associated to nonlinear sigma models (quantum cohomology) 
or Landau-Ginzburg models (unfoldings of singularities), as conjec- 
tured by Cecotti and Vafa. In particular we establish the existence 
of a new family of pure and polarized TERP structures in the sense 
of [16], or noncommutative variations of Hodge structures in the 
sense of [15] . 



1. Introduction 

1.1. The p.d.e. and the monodromy data. The two-dimensional 
Toda lattice is an important integrable system with many aspects. It 
is an example of a nonabelian Chern- Simons theory in classical field 
theory (see [21]), and in differential geometry it can be interpreted as 
the equation for primitive harmonic maps taking values in a compact 
flag manifold ([2], [3]). Such maps are closely related to harmonic maps 
into symmetric spaces. These in turn have many geometrical inter- 
pretations, e.g. surfaces in M 3 of constant mean curvature (see [8]), or 
special Lagrangian cones in C 3 ([18]. [20]). 

In this article we are concerned with the "two-dimensional periodic 
Toda lattice with opposite sign" . This is the system 

(1.1) 2( Wi ) z - z = _ e 2 K+i-^) + e 2K-^-i) ; w . . u R 

where U is some open subset of C = 1R 2 . We assume that = w i+n+ i 
for all i £ Z and w + ■ ■ ■ + w n = 0. 

The first manifestation of the integrability of this system is its zero 
curvature formulation: 



da + a A a = for all A G C* = C — {0} 
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where 

a(\) = a'(X)dz + a"(X)dz = (w z + \W l )dz + {-w- z + \W)dz, 

and 



/ 



w = diag(w , • • • ,w n ), W 



V 

























gtll„-41l„-l 











/ 



In other words, (11 .ip is the compatibility condition 2w zz = [W f , W] for 
the linear system 



(1.2) 



{w z + ±W)tf 
(-w g + XW 1 )^. 



The fact that a', a" involve only 1/A, A leads to holomorphic data for 
solutions of (II. ip . We recall from section 4 of [H] that the holomorphic 
data is a matrix of the form 

/ Po\ 

Pi 



V 



\ Pn ) 

where each pi = Pi(z) is a holomorphic function. By solving the holo- 
morphic o.d.e. system L~ l dL = jr/dz, then taking an Iwasawa fac- 
torization L = FB, we obtain a solution \I/ = F* of the above linear 
system. However, the domain of the corresponding solution of (11.11) is 
smaller, in general, than the domain of rj. We shall discuss this briefly 
at the end of section [21 and in more detail in [13] . 



For radial solutions of (II. ip . i.e. when Wi = Wi(z, z) depends only on 
the real variable x = \z\, (II. 2p reduces to 

(1.3) V x = i (zV z + z* 2 ) = {\IW + Af W*) 

This can be regarded as the equation for an isomonodromic defor- 
mation, which is another — perhaps more famous — manifestation 
of integrability, and a well known approach to studying equations of 
Painleve type (see [II], [E] and also [i~2]). 

Namely, if we impose the (Euler-type) homogeneity condition 

(1.4) \^ x + z^ z -z^ z = 0, 
we obtain 



;i.5) 



^ A = (-±zW - \xw x + zW l ) 
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which is a meromorphic o.d.e. in A with poles of order two at and oo. 
Writing /i = \x/z, we obtain 

(1.6) * M = (--pxW - ±xw x + xW*) 

The compatibility condition of the linear system 



;i-7) 



is the radial version (xw x ) x = 2x[W*, W]) of (11. ip . 

From the connection point of view, the homogeneity assumption (jl.4p 
extends the flat connection d + a to a flat connection d + a + a, where 

&(fj) = ^— j^xW — ~xw x + xW l J dfji. It is well known that in this 

situation the /i-system (II. 6p is isomonodromic, i.e. its monodromy data 
is independent of x. Conversely, starting from (II. 6p . one may seek its 
isomonodromic deformations (see [17J), to find (II .3p . 

The monodromy data of (II. 6p consists of formal monodromy and 
Stokes matrices at each of the two poles, as well as a connection ma- 
trix relating them. Locally, solutions of the radial version of (II. ip 
correspond to such data. However the data is in general difficult to 
compute explicitly, and global properties of the corresponding solution 
are difficult to read off. 

We shall impose the following "anti-symmetry condition" 



Xi 



W + =0, W 1 + W/_2 = 0, ... 

wi + w n = 0, wi + i + w n _i = 0, ... 



for some I G {0, . . . , n + 1}. For I = or I = n + 1 this means that 
Wi + w n -i = for all i; in this case (II. ip and (11.81) is the system studied 
by Cecotti and Vafa. 

This apparently simple condition has important analytic significance. 
It turns out that the solutions of (11.11) and (11.81) which are globally 
defined on U = C* are uniquely determined by asymptotic data at 
z = (Theorem A of section [2]). As a consequence, these solutions are 
radial, and the discussion above applies. Thus we have monodromy 
data as well as holomorphic data and asymptotic data. Thanks to the 
high degree of symmetry (see below) we shall be able to compute all 
this data and show that the three kinds are equivalent. 

Equations (II .ip and (11.81) also have differential geometrical signifi- 
cance — see [9],[I1] and also section [L2] below. However, they originally 
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appeared in physics, as they are a special case of the tt* (topological— 
anti-topological fusion) equations which describe deformations of quan- 
tum field theories ([I],[S]>[S])> an d for this reason we call them the tt*- 
Toda equations. 

Cecotti and Vafa predicted the existence of the global solutions on 
the basis of the physical interpretation of the monodromy data and 
holomorphic data: the Stokes data counts solitons at the "infra-red 
point" z = oo and the holomorphic data encodes chiral charges at 
the "ultra-violet point" z = 0. These are fixed points for the renor- 
malization group flow, and it is this flow that is governed by the tt* 
equations. For the "physical" solutions the data at z = and z = oo 
should have integrality properties, although (as Cecotti and Vafa point 
out) sometimes it is convenient to let them vary continuously. 

To end this section, we mention that equations (jl.6p and fll.Sp pos- 
sess the following symmetries, which will play an important role in 
our computation of the monodromy data. They depend on the three 
automorphisms r, a, c of 

sl n+ iC = {complex (n + 1) x (n + 1) matrices X with trX = 0} 

which are defined by 

t(X) = d-\ x Xd n+u a(X) = -AX* A, c(X) = AX A 

where d n+i = diag(l, u, . . . , u"), u = e 2n ^ T /( n + 1 )^ an d 

/ 1\ 

r ), Ji = 

V ) 



(/ x / matrix). 



It is easily verified that the connection form a has the following prop- 
erties. 

Cyclic symmetry: r(a(A)) = a(e 27rvCrT A) 
Anti- symmetry: a(a(X)) = a(— A) 
Reality: c(a'(A)) = o"(l/A) 

The cyclic property expresses the shapes of the matrices in (jl.2|) . the 
anti-symmetry property is just condition (11.81) . and the reality property 
corresponds to the fact that Wi is real. 



1.2. Geometry. The differential geometric or Lie-theoretic meaning 
of the three symmetries, and the proof of the following result, can be 
found in section 2 of our previous article [14J. 

Proposition 1.1. From any solution of the system U.l\) and U.8\) we 

obtain a harmonic map U — > <5X„, +1 IR/ 'SO n+ \. 
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Conversely, it is easy to see that any harmonic map which satisfies the 
cyclic symmetry condition arises (locally) from a solution of ( II. ip and 

More generally, it was shown in [TU] (see also [7J) that the tt* equa- 
tions are — locally — the equations for (pluri) harmonic maps into 
SL ra+ iIR/SO ra+ i (harmonic maps when the domain is two-dimensional). 
This is the basis for the geometric interpretation of the tt* equations, 
as SL n+ iIR/SO n+ i is the space of inner products on IR n+1 . A solution 
of the tt* equations can thus be regarded as a (trivial) vector bundle 
of rank n + 1 on U equipped with a metric satisfying various natural 
conditions. Roughly speaking, it is a harmonic bundle (in the sense of 
[2"Tj ) "with real structure" . 

Such bundles (not necessarily trivial) have been well studied, in- 
dependently of quantum field theory. They generalize variations of 
polarized Hodge structures, and appear in P,[l6],[19] in connection 
with semi-infinite variations of Hodge structures, pure polarised TERP 
structures, or noncommutative variations of Hodge structures. A spe- 
cial role is played by those bundles which arise "from geometry", e.g. 
from variations of polarized Hodge structures on specific manifolds. 

The relation with the discussion of the previous section is as follows. 
The "magical" solutions of the tt* equations predicted by Cecotti and 
Vafa in 11], [B] are expected to be 

(1) globally defined on C*, 

(2) characterized by initial/asymptotic conditions at z = or z = oo, 

(3) and have integral Stokes data. 

We shall refer to such solutions as "field-theoretic" . Many of them ap- 
pear to be of algebro-geometric origin, i.e. the corresponding field theo- 
ries are constructed from unfoldings of singularities (Landau-Ginzburg 
models) or from quantum cohomology (nonlinear sigma models). It 
is natural to expect that these are exactly the "geometric" harmonic 
bundles mentioned above. 

Thus, it has been predicted (but not yet proved rigorously) that 
the tt* equations admit certain "globally smooth" solutions with ex- 
tremely rich geometrical meaning. In this article we shall describe all 
solutions of the tt*-Toda equations satisfying property (1), in the case 
where Wq, . . . , w n reduce to two independent functions (in this situation 
n = 4, 5, or 6). The fact that such solutions are in one to one cor- 
respondence with asymptotic data at z = can be proved by using a 
monotone iteration scheme based on [H]. This technique is well known 
for nonlinear scalar p.d.e., but novel for systems. By computing the 
monodromy data and holomorphic data explicitly we shall verify prop- 
erty (2). The classification of solutions with integer Stokes data follows 
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also from this (the details and interpretation of this classification will 
appear in [To]). 

We remark that the holomorphic data is familiar to differential ge- 
ometers as the generalized Weierstrass representation, or DPW repre- 
sentation, of a harmonic map. As mentioned above, the link between 
the p.d.e. solution and the holomorphic data is given by the Iwasawa 
factorization L = FB of a certain loop group valued function L. The 
appropriate loop group is explained in detail in section 4 of [H]. It 
is here that the crucial difference between the Toda equations and the 
tt*-Toda equations can be seen. For the Toda equations, it is easy to 
construct solutions with properties (1) and (2), because the relevant 
Lie group is the compact group SU n+ i, and in this case the Iwasawa 
factorization L = FB holds on the entire domain of L. In contrast, for 
the tt*-Toda equations we have the noncompact group SL n+ iM, and the 
Iwasawa factorization L = FB holds (in general) only on some open 
subset U' of the domain U of L. Proving that U' = U is equivalent to 
proving that the solution of the p.d.e. has no singularities, and this is 
what we shall do. The same factorization problem arises in the con- 
struction of other types of harmonic maps with important differential 
geometric interpretations (see, for example, [8]). As few examples are 
known where global existence can be proved in the noncompact case, 
our examples may also be of interest in this wider context. 

A detailed statement of results is given in section [2J In section [3] we 
prove the basic existence theorem (Theorem A), and in section 0] we 
compute the monodromy data of the solutions (Theorem B). 

All methods used in this article are "low-tech", and our proofs are 
essentially self-contained. We hope that this will contribute to a better 
understanding of the tt* equations, which have been treated until now 
only by indirect methods. 

This article can be read independently of [H], although our proof 
of Theorem A will make reference to [H] in order to avoid repetition. 
In [H] we constructed a family of globally smooth solutions, and we 
identified a finite number of "field-theoretic solutions" amongst them. 
In this article we complete the picture by constructing all globally 
smooth solutions, and we describe all field-theoretic solutions. We do 
this only in the case where wq, . . . , w n are equivalent to two unknown 
functions; the general case will be treated in a subsequent article. In 
[j~3] we shall discuss the existence of solutions from the isomonodromy 
point of view. 

Acknowledgements: The first author was partially supported by a 
grant from the JSPS, and the third author by NSF grant DMS-1001777. 
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2. Results 
For a, b > 0, we consider the system 

(2.1) 



gt) — M g — bv 



— > R. This is equivalent to fll.ljl and (ll.8p in the ten cases 
. , w n reduce to two unknown functions (and in such cases 



for u, v : ( 
where wo 

we have a, b £ {1, 2}). This data is given in columns 1-4 of Tabled] 

The cases are labelled by numbers indicating the size of the matri- 
ces. For example, in the case labelled 4a, condition (11. 8p says that 
wo + ws = and w\ + w 2 = 0, so the tt*-Toda equations reduce to 
(12. ip with a = b = 2 if we put u = 2wq, v = 2w\. Column 2 indi- 
cates the antisymmetry condition. This leads to the conditions on the 
holomorphic data in column 5. 



label 


/ 


n+l-l 


u 


V 


a 


b 


P0,---,Pn 


4a 


4 





2w 


2wi 


2 


2 


P0,Pl=P3,P2 


4b 


2 


2 


2w 3 


2w 


2 


2 


P0=P2,Pl,P3 


5a 


5 





2w 


2 Wl 


2 


1 


P0,Pl=P4,P2=P3 


5b 


3 


2 


2W4 


2w 


2 


1 


P0=P3,Pl=P2,P4 


5c 


4 


1 


2w 


2wx 


1 


2 


P0=P4,Pl=P3,P2 


5d 


1 


4 




2w 2 


1 


2 


P0=Pl,P2=P4,P3 


5e 


2 


3 


2W4 


2w 


1 


2 


P0=P2,PuP3=P4 


6a 


5 


1 


2w 


2wi 


1 


1 


P0=P5,Pl=P4,P2=P3 


6b 


1 


5 


2 Wl 


2w 2 


1 


1 


P0=PhP2=P5,P3=P4 


6c 


3 


3 


2w 5 


2w 


1 


1 


P0=P3,Pl=P2,P4=P5 



Table 1. 



Theorem A: Let a, b > 0. For any (7, 5) in the triangular region 

7 > -2/o, 5 < 2/b, 7 - S < 2 
(Fig.\J§ the system \2. 1\) has a unique solution (u,v) such that 
u(z) —7- 0, v(z) — >■ as \z\ —7- 00 
u(z) = (7 + o(l)) log \z\, v(z) = (5 + o(l)) log \z\ as \z\ — > 0. 
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When (7, 5) is in the interior of the region, we have 

u(z) = 7 log \z\ + 0(1), v(z) = 5\og \z\ + 0(1) as \z\ — > 0. 
In all cases the functions u,v depend only on \z\. 



s 









1 








1 





Figure 1. 



It can be shown that any solution which is smooth on C* must sat- 
isfy the above asymptotic conditions at z = 0, 00. Thus, Theorem A 
accounts for all smooth solutions on C*. 

Remark. For the case a = b = 2, these solutions belong to the class 
of solutions of the periodic 2D cylindrical Toda equations which was 
introduced in [23] via explicit Fredholm determinant formulae. These 
formulae were then used in [22] in order to analyze the asymptotic 
behaviour of the solutions at and 00. We shall discuss the relation of 
[25] and [22] with our work in a subsequent paper in which we obtain 
the asymptotics from the Riemann-Hilbert approach. 

For each such solution, the Stokes data of the associated meromorphic 
o.d.e. reduces to two real numbers sf, s*, and we have: 

Theorem B: For each solution appearing in Theorem A, the Stokes 
data sf, sf is given in terms of the asymptotic data (7, 5) as follows. 

(i) Cases J^a, J^b: 

±sf = 2 cos I (7+1) + 2 cos f (5+3) 
-sf = 2 + 4 cos I (7+1) cos I (5+3) 

(ii) Cases 5a, 5b: 

sf = 1 + 2 cos I (7+6) + 2 cos I (5+8) 
-sf = 2 + 2 cos I (7+6) + 2 cos I (5+8) + 4 COS f (7+6) COS f (5+8) 
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(in) Cases 5c, 5d, 5e: 

sf = 1 + 2 COS f (7+2) + 2 COS I (5+4) 
— sf = 2 + 2 COS | (7+2) + 2 COS I (5+4) + 4 COS I (7+2) COS | (5+4) 

(iv) Cases 6a, 6b, 6c: 

±sf = 2 COS f (7+2) + 2 COS f (5+4) 
-sf = 1 + 4 COS I (7+2) COS I (5+4) 

For the even-dimensional cases, our calculation does not determine the 
sign of sf. However, this is irrelevant for the classification of solu- 
tions in the (7, 5) region with integral Stokes data, as the sign change 
corresponds to the involution (7,5) 1— > (S, —7) of this region. These 
solutions are listed in Table [2j 



Cases 4a,4b 


Cases 5a, 5b 


Cases 5c,5d,5e 


Cases 6a, 6b, 6c 


(3,1) 


(4,2) 


(3,1) 


(4,2) 


(1,1) 


(1,2) 


(1,1) 


(2,2) 


(1,1) 


(1,2) 


(ii) 


(1,2) 


(ii) 


(1,2) 


(-la) 


(0,2) 


(-1,1) 


(-1,2) 


(-2,1) 


(-2,2) 


(-1,-3) 


(-1,1) 


(-2,-1) 


(-2,0) 


(-1,-1) 


(-1,-1) 


(-2,-1) 


(-2,-1) 


(-1,-!) 


(-1,-1) 


(-2,-1) 


(-2,-2) 


(-1,-3) 


(-1,-3) 


(-2,-4) 


(-2,-4) 


V3' 3> 


( 2 ™ 4 ) 

V 3 ' 3 / 


(- 1 - 2 ) 

V 3' 3/ 


(0,-2) 


(1,-1) 


V2> 2^ 


\2> 1> 


(1,-1) 


f- --) 

V3, 3-* 


V3> 3^ 


(i _2) 

V 3 ' 3 1 


(2,0) 


(- --) 

V3, 3) 


f2 I) 


f_I _2) 

V 3 ' 3 1 


(0,0) 


(0,0) 


V4, 4; 


f_3 _1) 

V 4' 4/ 


(- 1 i) 




f-i 2 ) 

V 6' 6J 


(- 1 i) 

V 6' 6> 


(-1,1) 


(1,-3) 


(- i) 

V 2 ' 3 / 


fl _2) 

V 2 ' 3 / 


(1,0) 


V 5 ' 5 ' 


(1,1) 


(0,0) 


(2 i) 

V 5 ' 5 > 


(-i-f) 


(0,0) 


(-1,-1) 


f_4 _2) 

V 5 ' 5 J 


(1-1) 


(2 -i) 

V 3 ' 2 1 


f_l _3N 
V 3' 2/ 


(0,-1) 



Table 2. (7,5) for the solutions with integral Stokes 
data sf, sf. The corresponding Stokes data and holo- 
morphic data are listed in |15j . 
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The holomorphic data will be discussed in detail in [T5], but we con- 
clude this section with some brief comments. First, the smoothness 
of our solutions lOj near z = (and their radial nature) implies that 
the holomorphic data must be of the special form Pi(z) = CiZ ki . (Con- 
versely, if pi (z) = CiZ ki and ki > — 1 for all i then Wi is smooth near 
z = and Wi = u>i(\z\).) These ko, . . . ,k n are equivalent to 7, 5 (see 
Table 2 of [H] for explicit formulae). Using this holomorphic data we 
can identify the geometrical objects responsible for the solutions. 

The first two blocks of Table [2] correspond to quantum cohomology 
rings of certain complete intersection varieties. We denote by X^''"'^ 
the variety given by the intersection of m hypersurfaces of degrees 
di,...,d m in weighted projective space F^'-^p. The varieties which 
arise from our solutions are shown in Table [3J These points lie on the 
top and left-hand edges of the region (Fig. [T]) of Theorem A. 



Cases 4a,4b 


Cases 5a, 5b 


Cases 5c,5d,5e 


Cases 6a, 6b, 6c 


p3 _ pi, 1,1,1 


p4 _ pi, 1,1, 1,1 


pl,l,l,2 


pi, 1,1, 1,2 


^1,1,1,6 
A 2,3 


1.1, 1,6 
A 2,3 










pl,4 


pi, 1,4 


pl,3 


pi, 1,3 


p2,3 


pl,2,3 


p2,2 


pi, 2,2 


pl,2,2 


p2,2,2 


pl,3 


p2,3 


pi, 1,3 


pl,2,3 


X^ 


pl,4 


X l,l,l,4 


pi, 1,4 




Xj' 1 ' 6 


Y l,l,l,l,6 
A 2,3 


X l,l,l,6 


p3 _ pi, 1,1,1 


pi, 1,1, 2 


p4 pi, 1,1, 1,1 


pi, 1,1, 1,2 



Table 3. Quantum cohomology interpretation for solu- 
tions with integral Stokes data. 



The other entries of Table [2] are discussed in |T5j - - unfoldings of sin- 
gularities, for example, appear as interior points of the region. 

3. Existence of solutions: proof of Theorem A 

In this section we prove Theorem A. For the tt*-Toda equations, 
i.e. a, b G {1,2}, this amounts to solving a certain Riemann-Hilbert 
problem, and we intend to discuss these aspects elsewhere. Here, how- 
ever, we give an elementary approach using the monotone iteration 
method for solving nonlinear elliptic partial differential equations, and 
this method works for arbitrary a, b > 0. Although the method is well 
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known for scalar p.d.e., it rarely applies to systems, and it applies to our 
system (12.11) only through a fortuitous combination of circumstances. 

The proof of Theorem A in the case a = b = 2 and 7$ > was 
given in detail in [H]. In section I3TT1 we extend that proof to the case 
a = b > 0. In section I3~2l we shall extend the proof further to the case 
7 <5 < 0. In section 13.31 we explain how the case a = b > implies the 
general case a, b > 0. 

For notational convenience (and ease of comparison with section 3 of 
[H]), we restate the equations as 



for wo,w\ : C* — > K. (where a,b > 0). Our objective (Theorem A) is to 
prove that, for any (70,71) in the region 



We emphasize that only solutions which are smooth on C* are to be 
discussed. Statements such as / < g mean f(z) < g(z) for all z G C*. 
We do not assume in advance that u>j depends only on \z\; however, 
this property follows from the uniqueness of the solution. 

3.1. The case a = b > 0, 7071 > 0. The case 70,71 < is analogous 
to the case 70, 71 > 0, so we just treat the latter. We shall explain how 
to extend the proof for a = b = 2 in [T3j to the case a = b > 0; this 
will also serve as a review of the method of [13] . The method has three 
main steps: 

(a) existence of a supersolution (0, 0) and a subsolution (g , Qi) (this 
means showing that any solution (w , Wi) of (13. ip satisfies qi < Wi < 0). 

(b) existence of a maximal solution (w ,wi) (i.e. a solution (wo,wi) 
exists, and if (wo, wi) is any other solution, then Wi < Wi). 

(c) uniqueness of the solution. 

The proof is carried out first for the case where 70 — 71 < 2, 71 < 2/b, 
then extended to 70 — 71 < 2, 71 < 2/b by a limiting argument. 

Proof of (a): The fact that wq, w\ < follows easily from the maximum 
principle (Proposition 3.3 of [13]). As in [TJ] we have to construct lower 
bounds for any solution (w ,Wi) of (13.11) . For this, let h,q ,qi be the 



(3.1) 




(3.2) 70 > -2/a, 7l < 2/b, 7o - 71 < 2 

there is a unique solution (wo,wi) such that 

Wi(z) — > as \z\ — > 00 
Wi(z) = (73 + o(l)) log \z\ as \z\ -> 0. 
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solutions of 

'h ss = e ah - 1 
h(z) = (70 + 71 + o(l)) log \z\ as \z\ -> 

(go) 22 = e ago 

qo(z) = (70 + o(l)) log \z\ as |z| -> 

(gi) 22 - = e 2 »- fc - e-^ 1 
gi(z) = (71 + o(l)) log |z| as \z\ -> 

on C*, where all solutions tend to as |z| — >■ 00. The existence and 
uniqueness of h, go, Qi can be proved by standard p.d.e. methods and 
the maximum principle, under the assumption (13. 2p . Furthermore we 
can prove that 

(i) h < Wq + Wi < 

(ii) /i < g + gi < 

(iii) g < w < and gi < w\ < 

on C*. For these proofs we refer to Lemma 3.5, Lemma 3.6 and Propo- 
sition 3.7 of 



Proof of (b): We obtain smooth functions iy,- (n = 0, 1, 2, . . . ) on C* 
such that 

(3.3) ?<<•••< < < • • < u> (0) < 

in the following way. First, when (70,71) lies in the smaller region 
[0,2) x [0,2/a), we may take wf = and define (wq , Wi ) in- 
ductively from (wQ n \w^) by solving the linear elliptic system 

rf +1) ) 22 - - (a + e-*><r +1) = /orf,^, *) 
Wo" +1) (z) = 70 l O g |z| + 0(1) at 0, w { q +1 \z) -»■ at 00 

where / (s, t, z) = e as — e l ~ s — (a + e _,J0 )s; 

'(«;!" +1) ) 22 - - (e-« + ae-^)«;! n+1) = /i^.^.z) 
w { n+1) (» = 7l bg |z| + 0(1) at 0, w^ +l \z) at 00 

where /i(s, t, z) = e'" s - e~ a * - (e~ 90 + ae~ aqi )t. 

The subtracted terms on each side are chosen to make dfo/ds < 
and dfi/dt < 0. It is a key property of the tt*-Toda equations 
that dfo/dt < and df /ds < (see Remark 3.9 (i) of [H]). This 
monotonicity allows us to establish property (13. 3p . 

The sequence converges to a smooth solution W{ on C* . To prove 
that it is a maximal solution, the maximum principle is used. 
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To construct (maximal) solutions for the entire range with 70 > 0, 
71 > we make use of the solutions just constructed for (70,71) € 
[0, 2) x [0, 1/a). Let (g , g\) be such a solution with <&(z) = 7* log \z\ + 
0(1) as \z\ —> and gi(z) — > as |z| — > 00. We choose (70,71) so 
that < 70 < 70, < 71 < 71 and 71 > 70 — 2. Then we take 
(w °\w[°' > ) = (go,9i) as the first step in the iteration given by the 
modified linear system 

[wt +1) ) z - z - (a + e^)wt +1) = fo(w^\ wf\ z) 



w ( v +l \z) = 7 log \z\ + 0(1) at 0, w^ +1) (z) -+ at 00 
where / (s, t, z) = e as — e l ~ s — (a + e gi ~ qo )s; 

(wt +l) ) zz - (e« + ae-^)w[ n+1) = ft («,<*>, z) 



w 



(rt+1) ^ - 7a log |*| + 0(1) at 0, w^iz) -)• at 00 



where ft(s, t,z) = e l s — e at — (e 91 qo + ae a?1 )t. Again the sequence 
converges to a maximal smooth solution Wi on C*. 

Proof of (c): 

By integration we obtain 

/ R3 - (1 - e awo ) + (1 - e w ^ W0 ) dx = -2tt7o 

/ Ra - (1 - e Wl - W0 ) + (1 - e-'™ 1 ) = -2tt 7i . 

Thus 

(3.4) / R2 (e™° - e~ a ^)dx = -2rt( lo + 71) 

holds for any solution (wq,Wx). Suppose (wq,Wx) is a solution, and 
(wq,Wx) is the maximal solution obtained in (b). Then we have 

Since both satisfy (I3.4p . we must have wq = wo and w± = w\. This 
completes the proof of (c). 

3.2. The case 7071 < 0. Let us consider the system (13.11) with a = 
b > where 70, 71 satisfy (13.21) and also 70 > 0, 71 < (the case 70 < 0, 
71 > is similar). In particular 70 < 2 and 71 > —2. We assume first 
that 70 — 71 < 2; the case 70 — 71 < 2 will follow as in section I37L1 Thus 
we have the system 



(3.5) 




with boundary conditions 

Wi(z) = 7j log \z\ + 0(1) as \z\ —> 0, 
and Wi(z) — > as \z\ — > 00. 
We divide the proof into steps (a), (b), (c) as above. 
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(a) Let 7^ G (—2,7!). The point (0,7*) lies in the region of ap- 
plicability of section [XT] so we have a unique solution (wq,w*[) such 
that 

w*( z ) = 0(1), w*(z) = 71 log \z\ + 0(1) as \z\ 0. 

Similarly, for any 7o £ (7o>2), there is a unique solution (w Q ,Wi) cor- 
responding to (7o,0), i.e. such that 

w (z) = 70 log \z\ + 0(1), Wi(z) = 0(1) as \z\ — > 0. 

Moreover, from section I3TTT we know that Wi < < to*. 

We claim that any solution (w ,Wi) of (13.51) must satisfy 

Wi < Wi < w*. 

This will establish lower and upper bounds. 

We shall prove first that w < w . Let us suppose that w (z) > w (z) 
for some z. Then the boundary conditions (in particular 70 < 70) imply 
that 

w (z ) - w (z ) = max (w - w ) > 
for some zq G C*. Hence the maximum principle gives 

> (Wq - W )zz{z ) 

= e awo(Zo) _ e u>i{z )-w (z ) _ f e aw (z ) _ e w 1 (z )-w (z )^ 

from which it follows that e *>i(*>)-®o(*>) > e ™iM-m(z )^ which i mp ii es 
that max (w\ — w\) > 0. 

Similarly, the boundary conditions (in particular 71 < 0) imply that 

Wi(zi) — Wi(zi) = max (wi — Wi) > 

for some Z\ G C*. Therefore 

(3.6) w x (z x ) - wi(zi) > wi(z ) - wi(z ) > w (z ) - w (z ) > 0. 

Applying the maximum principle to the second equation, we have 
> (wi - W 1 ) Z z{z 1 ) 

_ e wi(zi)-wo(zi) _ g-aiDifzi) _ ^ e wi(zi)-wo(zi) _ g -a«)i(zi)j 

Hence 

e w 1 (z 1 )~w (z 1 ) -> ^ e -aiui(2i) _ e -auh(zi)^ _|_ e w 1 (z 1 )-w {z 1 ) ^ e u>i(zi)-«Do(zi) 

as we know e - aWl( - Zl) - e ~ aiBl ^ > 0. We obtain 

w (z ) - w (z ) > w (zi) - w (z 1 ) > witzx) - 101(2:1), 

which contradicts (I3.6p . This completes the proof that wq <wq. 

The other three inequalities in the claim can be proved in a similar 
way. 



ISOMONODROMY ASPECTS I: STOKES DATA 15 

(b) Next we apply the monotone scheme to prove that there exists a 
maximal solution, making use of (wq, w*) and (w , Wi) as supersolution 
and subsolution, respectively. 

We consider the linear equations 

n 7] - (ae-S + e^--)4" +1) = fo{^Wi\z) 

1 ' 1 \(^ +1) )^-(e<--° + ae-^0^i n+1) =/irf\4 n \^) 
subject to the boundary conditions 

wl n+1 \z) = 7ilog \z\ + 0(1) as \z\ ->■ 
and w\ n (z) — > as \z\ — > oo, where 

/o(s, t, z) = e as - e l - s - (ae a < {z) + e w ^ z) ~ w °^)s, 
f\{s,t,z) = e l - s - e- at - (e^IW-^W + ae- a ™ l{z) )t. 
Note that Wq and Wi are bounded at (without singularity) and 

e w*{z)-w (z) _ (Vl)|d7*-70 

there. We may take 7* — 70 close to 71 — 70, so that 71—70 > —2. Thus 
equation fl3.T|> is solvable for (wg n+1 \ w[ ?1+1 ' > ) if {w^\ w^) is given. We 
obtain (wq , w^' ') for n = 0,1,2,... by starting with (u>q \ u'j '') = 
(w ,wi). 

Note that if (s, t) satisfies 

wo < s < Wq, wi < t < to*, 

then 

(3.8) |J(s, t) = ae as - ae aw " {z) + e*" s - e <(*)-*°M < 

(3.9) M( s ,t) = - e *-< . 
Similarly 

(3.10) ^(s, t) = e'~ s - e^^^'W + ae" a ' - ae^ 1 ^ < 

(3.11) fik( a>f ) = _ c t-< . 
We shall use this to show that 

(3.12) Wi < w^ n) < wf +1) < w*, i = 0, 1 
for n = 0, 1, 2, We begin with the case n — 0. 

First we shall show that iDj < u^°' ) < iwj 1 ^. Since Wi = wf \ we just 
have to show that Wi < w\ . From (13. 7p we have 

(w^zg - {ae a < + e^-^w^ = e a€, ° - e^"™ - (ae a < + e w ^- w °)w 

= {w Q ) z - z -{ae a <+e<-^)w Q 

hence 

(w { 1] - w ) zs - {ae a < + e<--°)(^ 1) - w ) = 0, 
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and similarly 

(w? ~ wi)zs ~ (e" 1 *"" + ae-** 1 )^ - = 0. 

Since lim| z |_ ) . (wQ 1 ' ) —w )(z) = +00 and lim| z |_ >00 (wQ 1 ^ — w )(z) = 0, the 
maximum principle implies that wq < w^ . A similar proof shows that 

Next we shall show that < w*. Since W{ < < w*, properties 
dSSD-dSU) give 

fo(wo\w { °\z) > f (wQ,wl,z) 

= ae a < - e w *~ w *o - (ae aw ° + e w ^°)w* 

Applying this in the equation for Wq\ we have 

(4 1} )*2 - ( ae<K + e w ^ )w^ ] > (w*) zs - (ae a < + e w *- w °)w*, 

so 

K - - {ae a < + e<-^)(w* - w^) < 0. 

Since lim| 2 |^. (wQ — w^)(z) = +00 and lim| 2 |_ s>00 (wQ — W(p)(z) = 0, the 
maximum principle implies that w^ < Wq. Similarly we can show that 
Wi < w\. This completes the proof of (13.121) for n — 0. 

By the same argument it is not difficult to prove (I3.12p for any n = 
1,2,3,.... 

Since w\ is bounded and monotonically increasing with respect to 
n, it converges to some Wi in C 1 q C (IR 2 \{(0, 0)}) which evidently satisfies 
(13. 5p . This completes the proof of existence. 

Next we claim that the above solution (wq, Wi) is minimal in the sense 
that Wi < Wi for any other solution (wo,Wi) with the same (70,71) = 
(7o, 7i) • 

To prove that w < w , we use the fact already established that 
Wi < Wi < w*. Thus 

- + e<~^)wt +1) = /orf\ w™, z) 

> f (w ,w u z) 

= (w ) z - z -(ae aw °+e w ^)w 

if we assume Wi > wf 1 . We shall use this to prove that wq > Wq . 
We have 

- w ) z - z - {ae a < + e^°)(wi n+1) - w ) > 
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because Wq — wq is continuous up to z = 0. Since Wq — w — > 
as \z\ — >■ oo, the maximum principle gives 

> (4 n+1) - wo)z-z(zo) > (ae a < + e^)rf +1) - w )(z ) > 

if (wq™ +1 ' ) — w )(z ) = max(wg n+1 ' — w ) > 0. This contradiction shows 
that u , o™ +1 ' > < ^o- 

Since w)o > ^o holds for n = 0, by induction it holds for all n > 0. 
Similarly we can prove that W\ > w\ for all n > 0. By taking the 
limit n — > oo we obtain > Wi for z = 0, 1. 

(c) The proof of uniqueness of the solution of (13.51) is the same as 
that in part (c) of section 13.11 

It remains to extend the result for the case 70 — 71 < 2 to the case 
7o — 7i < 2. Let us take a sequence (7o™\7i n ^) in the interior of the 
region such that (7o ,7i ) — > (7o>7i)> for example 7^ = 71 with 
7q™' ) < 7 . By the maximum principle, the corresponding solution 
(wq,Wi) of (13.71) is monotone in n and satisfies 

Ui < wf' < Vi 

where (w ,ui), (^0^1) are the solutions of (13. 5p corresponding to (0,2) 
and (—2,0). In the limit n — > 00, (w^\ w^) converges to a so- 
lution of of (13. 5p corresponding to (70,71). Furthermore, this solu- 
tion is minimal. Uniqueness of this solution follows by integrating 
(13. 5p . For these solutions, we note that the weaker asymptotic prop- 
erty Wi(z) = (74 + o(l)) log \z\ holds at 0. 



3.3. Arbitrary a, b > 0. It suffices to discuss the case < a < b and 
7cb 7i > 0. The other cases may be dealt with as in sections 13.11 13.21 

Let (w ,Wi) be the solution to 

[wo)zz = e a ™° ~ e*™ 

and (wq,Wi) the solution to 

{wq)z-z = e blJ >° - e* 1 -* 
{wi)z-z = e^-^-e- b *>\ 



with the same 70, 7i- Note that 71 < § < f . These solutions exist by 



section 13.11 
Next, we claim that 

Wo < ^0 an d Wi < Wi. 
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If the first inequality does not hold, then max (w — Wo) > 0. Let 

w (z ) - w (z ) = max (w - w ) > 0. 

Without loss of generality we may assume that Zq ^ 0. Then the 
maximum principle implies that 

e awo(zo) _ e wi(z )-w (z ) <- e bw (z ) _ e w 1 (z )-w (z ) 

Note that > awo(zo) > aw (^o) > bwa(zo), which implies that 
itfi(zo) - wi(^o) > wo(zo) - w (z ) > 0. Let 

wi(zi) — wi(zi) = max (wi — w\) > 0. 

By the maximum principle again, we have 

w (zi) - w (zi) > w^zi) - w^zi) > w (z ) - w (z ), 

which is a contradiction. Therefore Wq < wq. Similarly we can prove 
that Wi < W\. The claim is proved. 

Now, (wq,Wi) is a subsolution of (13. ip . because (wi) 2 2 > e Wl ~ w ° — 
e~ bwi , and (wo, wi) is a supersolution of ( 13. ip . Since (w , w\) < (wq, wi), 
the monotone scheme produces a maximal solution of (13.11) . Uniqueness 
of the solution to (13.11) follows by integration as before. 

This completes the proof of existence and uniqueness of solutions of 
(13. ip under condition (13.21) . 

4. Stokes data: proof of Theorem B 

4.1. Monodromy data. Given any radial solution of ( II. ip and ( II. 8p 

on a neighbourhood V of a point z , we have the corresponding mon- 
odromy data of 

^ M = (^-^ x w - ±xw x + xW^ ^. 

This o.d.e. has poles of order two at and oo, so the data consists of 
collections of Stokes matrices S^, at the poles (relating solutions 
on different Stokes sectors) and a connection matrix C (which relates 
solutions near with solutions near oo). A priori this monodromy data 
depends on z G V, but it is in fact independent of z; it is a "conserved 
quantity" . 

For convenience we introduce the new variable 

( = \/z = fi/x 
and rewrite the o.d.e. as follows: 
(4.1) ^ ? = (-j^W- \xw x + x 2 W^ ^. 

In this section we shall compute the Stokes data at £ = oo, using the 
approach of [12] , for the ten cases listed in Table [TJ We shall see that 
each solution referred to in Theorem A corresponds to a single Stokes 
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matrix at oo, indeed to just two entries sf, sf of this Stokes matrix. In 
other words, the rest of the monodromy data is uniquely determined 
by sf, sf . For each of the ten cases we shall derive an explicit formula 
for sf, sf in terms of the asymptotic data 7, 5. 

4.2. Cases 4a, 4b: Let 77 = 1/C- Tlien $£P has the form 



near 77 = 0. For this o.d.e. we shall review the formal solutions, the 
Stokes phenomenon (i.e. the relation between formal solutions and holo- 
morphic solutions), then give the definition and computation of the 
Stokes matrices. Using this we give the proof of Theorem B. The sim- 
plicity of this calculation depends on the fact that the Stokes matrices 
have a very special form as a consequence of the three symmetries of 
the equation. 

Step 1: Formal solutions. 

In order to apply section 1.4 of [12], we are required to diagonalize 
the leading term of the coefficient matrix. To do this we observe that 



W 



' II e w where 



/ 1 



1 



V 



e w = diag(e w °,e Wl ,e w *,e W3 ), II 

and II = Q where 

/ll 1 1\ 

1 , , , ,2 , ,3 

<i 4 = diag(l, uo, uo 2 , oo 3 ) 



n 



(i 1 1 i\ 

1 bJ J 2 u 3 

1 CO 2 CO 4 

3 . ,6 . ,9 



yl UJ A UJ b Uf J 

(the columns of Q are the eigenvectors of II with eigenvalues 1, uo, uo 2 , oo 3 , 
where 00 = e 2 ^"^ 1 / 4 ). This gives 

W l = Pd A p- 1 , P = e w ST 1 . 

By Proposition 1.1 of [12], it follows that there exists a unique formal 
solution of (14. ip of the form 



P 



\ k>l J 



A log r?+i^f 



where A_i = — x 2 d A . Substitution in the o.d.e. shows that A = 0. 

The three symmetries of a = (ty t )~ 1 d^ t (end of section fl~T|) translate 
into the following symmetries of / = I / ^\E' _1 : 

Cyclic symmetry: d^ 1 fiuQd^ = w _1 /(C) 
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Anti- symmetry: A/(— £)*A = /(C) 



Reality: Af (J.) A = -* 2 C 2 /(C) 



2 

We shall not need this reality condition explicitly — from now on we 
use only the following more elementary (and easily verified) property: 



Reality at oo: /(C) = /(C)- 

These lead to the following symmetries of the formal solution 
Lemma 4.1. 

Cyclic symmetry: d^ 1 ^//(cuC) n = ^/(C) 
Anti- symmetry: A ^/(-C) - * {QAtty 1 = V f (C) 



Reality at oo: ^ f (() Q Q- 1 = V f (() 
Explicitly, the matrices f2n _1 ,f2Afi here are 



-i i { Ji \ nAn _ I 4d| in case 4a 



an- 1 = ± 1 , ttAn - , 

\ J3J I 4g?4 in case 4b 

(Ji is defined in section UTTj) . 

Proof. We give the proof of the cyclic symmetry formula; the other 
two are similar. From the cyclic symmetry of ^J/^ -1 we see that 
d^ 1 ^ f^uQdi is also a formal solution, hence must be ^f(QA for some 
constant matrix A. To find A we examine 

d^ f {u() = d^P{I + 0(±) e^ x2d4 

= P(/ + 0(i))P~ 1 rf4 1 Pe^ :r2d4 . 

Since P~ 1 d^ 1 P = Vtd^ 1 VL~ l = U^ 1 and Il^ud^U = d±, we obtain 

dftyf{u() = P(I + O(i) e^ rr 1 . 

Thus, (iJ 1 \l//((x'C)n is a formal solution of the same type as ^/(C), so 
it must be equal to ^/(C)- This completes the proof (and shows that 

Step 2: Stokes phenomenon. 

The Stokes phenomenon depends on the fact that (14.11) admits a 
holomorphic solution \1/ on some region of the form 

{C e C U 00 I 0i < argC < 2 , ICI > R } 

with asymptotic expansion tyf whenever 62 — Q\ is sufficiently small, 
i.e. if the sector is sufficiently narrow. (This will be made precise in a 
moment.) On the other hand, it is easy to see that ^ — when it exists 
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- is unique if the sector is sufficiently wide. Namely, if \J r ' are two 
such solutions, then = tyC for some constant C, and we have 

C = lim tf-V = lim €-^{1 + 0(i))e ?x2d4 . 

The desired conclusion C = I would follow if, for any i ^ j, there exists 
a path ( t — > oo in the sector such that (Cy =) lim^oo ( wJ ~ wl )0( J-) = 
0. Since | e Ct^ 2 C^— ^0 1 = e Re Ct^ 2 K'-^) ) a sufficient condition is that the 
path satisfies Re Cti^ ~ u l ) < 0. If the sector contains a ray arg£ = 9 
with Re C,(uji — u l ) = 0, then Re ((uji — oj 1 ) can be made positive or 
negative within the sector, so we have both CV,- = and Cji = 0. Such 
a ray is called a Stokes ray Stokes rays are said to have the same type 
if their arguments differ by tt. We conclude that C = I if the sector 
contains at least one Stokes ray of each type. 

It is a nontrivial fact that a solution \1/ exists on the sector if the sector 
contains at most one Stokes ray of each type (this is the meaning of 
"sufficiently narrow"). A sector which contains exactly one Stokes ray 
of each type is called a Stokes sector. Thus we have the fundamental 
principle (Theorem 1.4 of [12]) that there is a unique solution \I/ with 
asymptotic expansion on any Stokes sector. 

Step 3: Definition of Stokes matrices. 

Explicitly, the condition Re ((u^ — u/) = means that cos(arg£ + 
&rg(u j — u/)) = 0, i.e. arg£ + arg(w- ? — u % ) G f + 7rZ, < i < j < 3, 
and this simply means argz G ^Z. Thus there are 8 Stokes rays; 2 of 
each of 4 types. These are shown in Fig. [2J Let us choose (Fig. [3]) an 




Figure 2. Stokes rays. 
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initial Stokes sector 

n 1 = {(eC \ -|< arg C<f}. 
It will be convenient to regard Qi as a subset of the universal covering 



Figure 3. Stokes sector Q 1 . 

surface C* (rather than C), so that we can define further subsets ilk 
by 

tt k+1 = e k7T ^n u kez. 

The projection of this to C* is {C G C* | - f + kir < arg C < x + kn}, 
which is also a Stokes sector. Hence, for any k e Z, we have a unique 
holomorphic solution ^> k such that ^ ~ \&/ as C — > oo in Such 
a solution may be analytically continued to C*, and we shall use the 
same notation ^ for the extended solution. 

On the overlap Qk+i H £l k (and hence on all of C*) the two solutions 
^fe+i, must be related by a constant matrix. We write 

and call S k the fc-th Stokes matrix (at oo). 
Lemma 4.2. S k+2 = S k for all fceZ. 

Proof. First, we note that the coefficients of \&/ are holomorphic on C*. 
Hence ^ k+2 (e 27rV=T () and ^k(C) nave the same asymptotic expansion 
$ on It follows that they must be equal. Applying this fact twice, 
we obtain 




= *fc-i(C)S fc _i 

^O^+i = * fc -i(C)5 fc+ i 
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which gives Sk+i = S^-i, as required. □ 

A similar argument — i.e. deducing properties of ^/^ from properties 
of tyf — allows us to obtain symmetries of from those of 

Lemma 4.3. 

Cyclic symmetry: df* k+ i(u()Il = * fc (C) 
Anti-symmetry: A^ k+1 (e^ 7T (y t (ttAtty 1 = ^ k (C) 



Reality at oo: *T_ fc (C)fifi -1 = *fc(C) 

Proof. The cyclic symmetry d^ 1 tyf(uQ IT = ^/(C) of \&/ (Lemma 14. ip 
allows us to deduce that d^ 1 ^ k+ i (ujQTI = ^(C) because the left and 
right hand sides have the same asymptotic expansion for ( G fi^ (and 
ujQ k = Q k+ i), hence must be equal. Similarly, the anti-symmetry and 
reality conditions follow from the corresponding properties of and 
the formulae e" /=Tn Qk — Qk+i, &k — ^i-k- ^ 

4 

Step 4: Computation of Stokes matrices. 

To compute the Stokes matrices, we shall need a collection of Stokes 
sectors compatible with the symmetries. Thus, we introduce the addi- 
tional sectors 

i.e. we allow k G jZ from now on, rather than k G Z. Let us write 

# fc+ ! = * k Qk, 

so that Sk = QkQk+\Qk+\Qk+\- Each Qk (and hence each Sk) has a 
"triangular" shape which depends on our chosen diagonalization of the 
leading term of the o.d.e.: 

Lemma 4.4. (a) The diagonal entries of Qk are all 1. (b) Fori ^ j, 
the (i,j) entry of Qk is if arg(u/ — lu^) ^= VLz^ah. mod ir. 

Proof. This is similar to the proof of uniqueness of ^k- Namely, we 
have 

Q k = lim Vl^k+i = lim e"^^/ + O^e^ 4 . 

Hence (Qk)u = 1 for all i. Moreover, for each (i,j) such that % ^ j, 
{Qk)ij = if there exists a path ( t — > oo in Q k H ^k+\ sucn that 
Re Qti^i — co l ) < 0. Since f4nfi fe+ i * s a sector of angle n, (Qk)ij can be 
nonzero only if [oJ — uj i ) Qk nfi fc+ i is equal to the right hand half plane 

ReC > 0. This is equivalent to the condition arg(u/ — u j ) = £z|^g 
mod 7r. □ 
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Let dij = arg(w' — uji). Then the matrix (cJij)o<i,j<3 is 



(o 


TT 
4 







3n 
4 





TT 

4 


2tt 
4 


An 
A 


5tt 
4 





3tt 
4 


5n 
\~ 


6 77 

4 


4 


V 



It follows from this and the lemma that 



Qi 



(l 








\ 


* 1 








l * 




1 * 




l 


V 


V 




V 


V 



We shall only need Q±, Qi^, because of the following identities. 

Lemma 4.5. We have: 
Cyclic symmetry: Qk+i = nQ^il -1 

d-lQk* ^4 3 ^ n case 4 a 
d^Q^ 1 d^ 1 in case 4b 



Anti- symmetry: Qk+i = QAQQ^ (QAQ) 1 



Reality at oo: Q k = tt ft" 1 Ql\ (Q ft" 1 )- 1 



Proof. These follow immediately from Lemma S3] and the definition of 



Q 



k- 



□ 



Proposition 4.6. We have 





(I \ 




(i 


\ 


Qi = 


si 1 

1 -si 


' Qi\ = 


i 

i 






V 1 J 




V 





where s\, S2 € C Furthermore, 

3 

walR in case J^a 



w 3 lR in case 4 a 



walR in case ^5 2 I wl in case 4b 



so we can define real numbers sf, sf by 



s\ = u 2 Si , S2 = oo s 2 in case J^a, 



and 



si = u 2 s 1 , S2 = cos 2 in case 4b. 
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Proof. We know that 

/l 

3io 



Qi 



\ 



\ 



323 
1 



Qn 



(\ 



\ 



\ 



313 



/ 



for some gio, <?23, 313 G C. The reality condition (at 00) gives gio + 323 = 
0, 313 + 3i3 — 0. The anti-symmetry condition gives + wgio = in 
case 4a, and gio + wg23 = in case 4b. The stated result follows. □ 

Corollary 4.7. The monodromy at 00 is (QiQ^^iU) 4 . The character- 
istic polynomial of QiQ 1 iU is 

A 4 - siA 3 - s 2 A 2 + siA - 1. 



If X is a root of this polynomial, then so is 
case 4b- 



1 



in case J^a, and 



in 



Proof. The monodromy is (the conjugacy class of) S\S 2 . From the 
cyclic symmetry we have Si = QiQ 1 iQ 1 zQ 1 3 = Q 1 Q 1 iUQiQ 1 iH~ 1 , 

and S 2 = Q 2 Q 2 iQ 2 iQ 2 , = T^QiQ.ih^WQxQ.xU- 3 . 4 Since IT 3 = 

444 4 4 

II, we obtain SiS 2 = (QiQxiII) 4 . The characteristic polynomial of 
QiQ^^iU may be computed from the formulae in the proposition. The 

4 

final statement follows from the anti-symmetry condition. □ 

Let us note at this point that our calculations have the following 
consequence: 

Proposition 4.8. The monodromy data S} , 5"} , (7 (i G 7j) for the 

linear system fl^.i|) is equivalent to sf , sf . 



Proof. We have shown in Lemma 14.21 that the Stokes matrices Sk = 
reduce to Si, S 2 . By Lemma 031 they reduce to S±. By Proposi- 
tion U2] they reduce to sf , sf . 

By combining the reality and "reality at 00" conditions, the can 
be expressed in terms of the S^°\ 

Concerning the connection matrix C, we can argue indirectly that 
this is also determined by sf , sf , because Proposition 14.91 (below) and 
Theorem A say that sf, sf determine 7, 5 and hence the functions u,v. 

□ 



It remains to establish the formulae for sf , sf announced in section 

El 

Proof of Theorem B(i): For any (7, 5) in the region 

7 > -1, S < 1, 7-5 < 2, 
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Theorem A gives a solution u, v of the system 

Uz . = e 2u - e v ~ u , v z - z = e v ~ u - e~ 2v . 

This corresponds to a solution w ,Wi, w 2 ,w 3 of the system f 1 1.11) in cases 
4a, 4b of Table [TJ Our aim is to prove, in both cases, that 

±sf = 2 cos f (7+1) + 2 COS | (6+3) 
-sf = 2 + 4 cos I ( 7 +i) cos I (5+3). 

We shall do this by computing the (conjugacy class of the) mon- 
odromy at oo in two ways. First, by Corollary 14.71 the monodromy 
is (QiQ 1 iU) A . On the other hand, the monodromy can be computed 
from the o.d.e. 



/i^ = (^-~xW - XW X + XfiW 1 ^ ^, 



by using the known asymptotic behaviour of u,v. Namely, by letting 
x — > 0, we obtain the constant coefficient o.d.e. 

fi^n = - diag(i7o, §71, ±72, 573)*, 

from which we deduce that the eigenvalues of (QiQ 1 iU) 41 are e 71 "" 73170 , 

e 77 ^ 11 , e 7 "^ 72 , e 71 ^ 3173 . Hence there exist integers a,b,c,d such that 

the eigenvalues of QiQ.iH are 

4 

w a e^ 70 , cA?^ 71 , w c e^ 72 , c/e^ 73 . 

Now, when 7i = for all i, we must have Wi = for all i, hence 
Qk = I for all /c, and the eigenvalues of QiQ 1 ?JX are 1, u;, u 2 , u 3 . Thus 
(a, 6, c, <i) must be a permutation of (0, 1, 2, 3). To compute a, b, c, d we 
consider cases 4a, 4b separately. 

Case 4a: 

By the last statement of Corollary l4.7l (a, b, c, d) = (I, m, — m— 1, — Z— 
1) for some l,m e Z/4Z. Using Proposition 14. 6[ and the fact that 
si, — S2 are the first and second elementary symmetric functions of the 
roots of the characteristic polynomial, we obtain 

HP _ 3 SlTs/^T 



s l = u 2 s\ = e * si 

= e 2 ^^ 21 ' 3 ) + e E ^ L (S+2m-3) + e ^EL{-S-2m-5) + e 2^I (-7-21-6) 
= 2 COS ? (7+21-3) + 2 COS ^(<5+2m-3) 

and similarly 

ire q _ 6-71-^ — 1 

— s 2 = — uj s 2 = — e 4 s 2 

= 2 + 2 COS j(~/+8+2l+2m-6) + 2 COS ^(7-5+2«-2m) 
= 2 + 4 COS f(7+2Z-3) COS j(6+2m-3). 
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Of the eight values of (I, m) such that {I, m, —m—1, —1—1} = {0, 1, 2, 3}, 
we shall show that only (l,m) = (0, 1) or (2,3) are possible. To elim- 
inate the other six cases (I, m) = (1, 0), (3, 2), (0, 2), (2, 0), (3, 1), (1, 3) 
we use the following fact: 

Proposition 4.9. The map (7, 5) 1— > (sf, sf) is injective on the region 
7 > -1, 5 < 1, 7-5 < 2. 



Proof. Theorem A implies that the map (7, 5) (u, v) is bijective. 
Moreover, the proof shows that the dependence of u on 7 (and that 
of v on 5) is monotone, hence the map (x, 7, S) t-> (x,u(x),v(x)) is 
bijective as well. On the other hand, Proposition 2.2 of [12J implies that 
the map — j^xW — j^xw x + xW t (x, sf, sf) is injective; the failure 

of the Riemann-Hilbert map — j^xW — -xw x + xW l H- (sf , sf) to be 
injective is entirely due to the isomonodromic deformation parameter x. 
We conclude that (x,j,S) (x,u(x),v(x)) i-> (x, sf, sf ) is injective, 
hence so is (7, 5) H- (sf , sf). □ 



To examine injectivity of our eight candidates, it suffices to consider 
the expression 

(COS |(7+2«-3) + COS ^(<5+2m-3), COS |(7+2Z-3) COS |(5+2m-3)) . 

Evidently the map (x, y) (cosf(x) + cos g(y), cosf(x) cos g(y)) fails 
to be injective on the region y > x in [0,7r] x [0, 7r] if 1 ^ cosf(x) 
fails to be injective on [0, 7r], or if y i-> cosy fails to be injective on 
[0, 7i"]. Since z i— >■ cosz is injective only on the intervals [mr, (n + l)n], 
this criterion eliminates I = 1, 3 and m = 0,2, hence all six cases listed 
above. 

On the other hand it is easy to verify that the map is injective in the 
cases (I, m) = (0, 1) or (2, 3). These give the stated values for sf, sf. 

Case 4b: 

This time Corollary 14 . 71 shows that (a,b,c,d) = (m, —m + 1, —1 + 1,1) 
for some l,m £ Z/4Z. We obtain 

TO _! 7rV — 1 

s x = u 2 Si = e 4 ^ 

= g2^(«+2m-l) + e ^M-<5-2m+l) + e -*EI(- 7 -2J+l) + e 2L^I( 7 +2«-l) 
= 2 COS I (7+22-1) + 2 COS ^(<5+2m-l) 

and 

ire 1 _ 2ir^/— 1 

— s 2 = — u; s 2 = e 4 s 2 

= 2 + 2 COS ^(7+5+2«+2m-2) + 2 COS ^ (7-5+2«-2m) 
= 2 + 4 COS |( 7 +2Z-1) COS f (5+2m-l). 
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This time / = 0, 2 and m = 1, 3 are eliminated as they would render the 
map (7,5) i-> (sf, sf ) non-injective. We conclude that (l,m) = (1,2) 
or (3, 0). Again, we obtain the stated values for sf, sf. 



4.3. Cases 5a, 5b: We shall just indicate the differences from the 
above argument. The formal solution 



P 



E 

k>l 



has A 



-x 2 W t )P = —x 2 d 5 , with P = e w Vt 1 . Here we have 



diag(e™° , e w \ e w \ e W3 , e Wi ) 



^ 3 )o<i,j<4, with u 



e 27rv^T/5_ 

We shall also use II = Qd^Q^ 1 . 
Lemma [4.11 holds (with d 5 instead of d^), but this time we have 



-1 





J 4 ) ' 




■1 


5dt 
[5d§ 




0<i,j<4 


is 






(0 


-3?r 


— 7T 


TT 


3tt\ 


10 


10 


10 


10 


7tt 





7V 


3tt 


5?r 


10 


10 


10 


10 


9tt 


llTT 





5tt 


7tt 


10 


10 


10 


10 


llTT 


13tt 


15?r 





9tt 


10 


10 


10 


10 


13?r 


15tt 
10 


17tt 
10 


19tt 
10 


V 



The Stokes rays are given by arg£ £ |Z. We choose 

fi 1 = {CeC| -f <argC<f} 

as initial Stokes sector, then fifc+i = e^^Qi, k £ Z. For any fceZwe 
have a unique holomorphic solution such that ~ as £ — > 00 
in fifc. On Qk+i H fifc we have \I/fc+i = where is the fc-th 

Stokes matrix. Extending this to k £ |Z, we have = ^kQk with 

^fc = ili=o Qk+±- 

Versions of Lemmas 14.31 and 14.51 hold here with the following modifi- 
cations: 



uQU = * fc (C) (cyclic) and ^(Offi" 1 = * fc (C) (reality) 

VVL^Ql 1 (nn- 1 )- 1 (reality) 



in Lemma [4. 3 j 
Qk+l = nQfcll" 1 (cyclic) and Q k 



in Lemma [4.51 

The analogue of Lemma 14.41 is that, for % 7^ j, the entry of 

(5^ is if arg(a/ — w- 7 ) ^ (i9-iofc) 7r mod 2rr. Thus the fundamental 
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matrices Qi,Qi± have the form Qi = I + (720-^20 + q^E^, Q x i = 

5 5 

/ + qioE w + 524-^24 where Eij denotes the matrix whose only nonzero 
entry is 1 in the position (0 < i,j < 4). The reality condition 
gives q 2 o + ?24 = 0, g 34 + q 10 = 0. Let us write 

si = qio, s 2 = q20- 
Then the anti-symmetry conditions imply that 

{uj 2 sf in case 5a J u 4 sf in case 5a 

co sf in case 5b 1 w 2 sf in case 5b 

where sf , sf are real. 

Finally, in analogy to Corollary 14. 71 the monodromy at 00 is {QiQii n) 5 , 
and the characteristic polynomial of QiQ^U is 

A 5 - Sl A 4 - s 2 A 3 + s 2 A 2 + siX - 1. 

If A is a root of this polynomial, then so is — r in case 5a, and -gy in 
case 5b. 

Proof of Theorem B(ii): To compute sf , sf in cases 5a, 5b we 
use the fact that the eigenvalues of (QiQ-^iIl) 5 are e 7r,/3T70 , e ?r,/3T71 , 

e KV ^ Il2 1 e n ^ T ' y3 , e 71 "^ 74 . Hence there exist integers a,b,c,d,e such 
that the eigenvalues of QiQ 1 iIl are 

w a e f v^T70 ; w fc e f v^T7l ; w c e f v^T72 ; ^ e f V^T73 ; w e e f v^T74^ 

To determine a, b, c, d, e we consider each case separately. 
Case 5a: 

From the symmetry A 1— > -j-, we have (a, b, c, d, e) = (I, m, 2, — m — 
1, — Z — 1) for some !,m£ Z/5Z. We obtain 



-2. 



47T\/^T 



s x = si = e 5 

= e ^I( 7 +2/-4) + e EVEL(6+2m-4) + j + e Z^pT(-,5-2m-6) + g ^I(- 7 -2Z-6) 
= 1 + 2 COS |(7+2i-4) + 2 COS |(<5+2m-4) 

and similarly 



-4. 



— s 2 = — w S2 = — e 5 s 2 

= 2 + 2 COS I (7+21-4) + 2 COS ~(<5+2m-4) 

+ 2 COS |(7+5+2/+2m-8) + 2 COS | (j-8+2l-2m) 
= 2 + 2 COS |( 7 +2Z-4) + 2 COS |(<5+2m-4) + 4 COS |( 7 +2Z-4) COS |(<5+2m-4). 

The analogue of Proposition 14.91 is that the map (7, 5) 1— > (sf, sf) is 
injective on the region 7 > —1, 5 < 2, 7 — 5 < 2. To investigate 
injectivity, it suffices to investigate 

(COS I (7+2Z-4) + COS |(5+2m-4), COS |(7+2Z-4) COS |(<5+2ro-4)J . 
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Now, the map 7 H- cos ^(7+21-4) is injective on [—1,4] only for / = 
mod 5. The map 5 1— > cos |(7+2m-4) is injective on [—3,2] only for 
in = 1 mod 5. We conclude that (l,m) = (0, 1). This gives the stated 
values for sf , sf . 

Case 5b: 



Using the symmetry A 1-+ -|r, we have (a,b,c,d,e) = (m, 1, 
3, —I — 3,1). Hence 



-m 



s 1 = 00 Si = e 5 si 

= 1 + 2 COS f (7+2I-2) + 2 COS ^(5+2m-2) 



and 



-2, 



4irv^T 



— s 2 = —00 S2 = — e 5 S2 

= 2 + 2 COS I (7+2I-2) + 2 COS |(<5+2ro-2) + 4 COS |(7+2/-2) COS |(<5+2m-2). 

The injectivity criterion forces I = 4, m = 0. This gives the same 
values for sf, sf as in case 5a. 

4.4. Cases 5c, 5d, 5e: The matrices Qk and their cyclic/reality /anti- 
symmetry properties are the same as in cases 5a, 5b, except that in the 
anti-symmetry formula (Lemma 14.51) we have 

{5g?5 in case 5c 
5/ in case 5d 
5d 5 in case 5e 

This leads to 

{co^sf in case 5c | u 3 sf in case 5c 

sf in case 5d s 2 = < sf in case 5d 
u 3 sf in case 5e I oo sf in case 5e 

with sf, sf real. If A is a root of the characteristic polynomial of 
QiQiiU, then so is ^ in case 5c, ^ in case 5d, and ^ in case 5e. 

Proof of Theorem B(iii): To compute sf, sf in cases 5c, 5d, 5e we 
just have to identify (a, b, c, d, e). 

Case 5c: 

Here (a, b, c, d, e) = (/, m, —m — 2,-1 — 2, 4) for some l,m 6 Z/5Z. 
This gives 

US _4 S7TV / — T 



u; si = e s si 

1 + 2 COS ~ (7+2Z-8) + 2 COS f (5+2r 
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and 



— s 2 = —oj S2 = — e 5 s 2 

= 2 + 2 COS |(7+2/-8) + 2 COS |(5+2m-8) + 4 COS |(7+2/-8) COS |(<5+2m-8) 

The injectivity criterion forces I = 0, m — 1. This gives the stated 
values for sf , sf • 

Case 5d: 

Here (a,b,c,d,e) = (0, 1, m, — m, — I) for some l,m G Z/5Z. This 
gives 

= Si = 1 + 2 COS | (7+20 + 2 COS §(<5+2m) 

and 

— = — S 2 = 2 + 2 COS | (7+20 + 2 COS §(5+2m) + 4 COS I (7+20 COS |(<5+2m). 

The injectivity criterion forces I = 1, m = 2. This gives the same 
values for , sf as in case 5c. 

Case 5e: 

Here (a, b, c, d, e) = (m, —m — 4, — I — 4, 3, 1) for some I, m G Z/5Z. 
This gives 

TO) g 67TV— 1 



s : = w Si = e s s x 

= 1 + 2 COS 5 (7+2Z-6) + 2 COS f (5+2m-6) 



and 



— s 2 = — u S2 = — e s s 2 

= 2 + 2 COS |(7+2/-6) + 2 COS |(5+2m-6) + 4 COS |(7+2Z-6) COS |(5+2m-6) 

This time the injectivity criterion forces / = 4, m = 0, but again we 
obtain the same values for sf , sf as in case 5c. 

4.5. Cases 6a, 6b, 6c: This is similar to cases 4a, 4b. The formal 
solution 



\ k>l J 



has A_i = P-^-x^^P = -x 2 d 6 , with P = e^" 1 . This time 
we have e w = di&g(e W0 ,e Wl ,e W2 ,e W3 ,e W4 ,e W5 ),Q = {co ij ) <i,j<5, u = 

e 2^v^r/6 n = ncun- 1 . 



In Lemma |4JJ we have 

6di in case 6a 

I OAO — ) 

6 V J, 



fir^lr 1 T ] , fiAfi = lei in case 6b 



6dg in case 6c 
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The matrix (arg(a/ — w 3 '))o<i^<4 is 



(° 


-2tt 
6 


— 7T 

6 





- 

6 


2vr\ 
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47T 

6 








TT 

6 


2tt 
6 


3tt 
6 


5?r 
6 


67T 

6 





2tt 
6 


3tt 
6 


4-7T 

6 


67T 

6 


Vtt 
6 


Stt 
6 





4-7T 
6 


5tt 
6 


7tt 
6 

8tt 
\ 6 


8tt 
6 

9tt 
6 


9tt 

6 
IOtt 

6 


IOtt 

6 
llvr 

6 




12tt 
6 


6-7T 

6 

°) 



The Stokes rays are given by arg£ e |Z. We choose 

n 1 = {(eC\ - |< a rgC<f} 

as initial Stokes sector, then flk+i — e fc7rx/ ^ T f2 1 , fceZ. For any k e Z 
we have a unique holomorphic solution such that ~ as ( — >■ oo 
in Qk- On fi^+i fl Qk we have = ^kSk where Sk is the &;-th 

Stokes matrix. Extending this to k G |Z, we have ^k+± = ^kQk with 

&k = rii=o^fe+i- 

Versions of Lemmas 14.31 and 14.51 hold here with the following modifi- 
cations: 

d^ k+ ,(uC)U = ¥ fc (C) (cyclic) and*u ^O^T 1 = * fc (C) (reality) 

6 6 

in Lemma [4. 3 j 

Q fc , a = nQfcir 1 (cyclic) and Q k = QQ' 1 QTo , (fiir 1 )" 1 (reality) 
in Lemma [4.51 

The analogue of Lemma 14.41 is that, for i ^ j, the entry of 

Qk is if arg(u/ — uji) ^ (^-i9k)n mQ( ^ 2^ Thus the fundamental 
matrices Qi,Q ± i have the form Q 1 = I + q 20 E 20 + ^35-^35, Qii = 

6 6 

/ + gio-Eio + ^25-^25 + q34E 3 4- The reality conditions are q 20 + = 0, 
Qio + Q34 = 0, g25 + ?25 = 0. Let us write 

s l = 9l0j s 2 — 92Q) s 3 = <?25- 

Then the anti-symmetry conditions imply that S3 = and 

w*sf m case 6a 
sf in case 6b 
cu 2 sf in case 6c 

where sf , sf are real. 
The monodromy at 00 is (QiQ l iU) 6 , and the characteristic polyno- 

6 

mial of QiQ 1 iH is 

6 

A 6 - Sl X 5 - s 2 A 4 + s 2 X 2 + siA - 1. 



w 2 sf in case 6a 
si = ^ s?f in case 6b s 2 
oj sf in case 6c 
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If A is a root of this polynomial, then so is -4r in case 6a, j in case 6b, 
and -jT- in case 6c. 

a; ''A 

Proof of Theorem B(iv): As the eigenvalues of (QiQ 1 iU) 6 are 

e vr^T 7 o ; e ^^T7i ; e 7r^i72 ; e^^ 71 " 73 , ^v^Tfi ? e ^v=tiB ^ t h ere exist integers 
a, 6, c, <i, e, / such that the eigenvalues of QiQ 1 iH are 

6 

w a e f ^T70 ; w b e f V=Tn } ^t 7 2 ; w «* g f v^TS ^ ^g?^ 74 , u/e^ 75 . 

To determine a, 6, c, d, e, / we consider each case separately. 
Case 6a: 

From the symmetry A i-> -4r, we have (a, 6, c, d, e, /) = (I, m, 2 or 5, — m- 
2, —1 — 2,5 or 2) for some l,m G Z/6Z. We obtain 



~~ - (7+2«-4) , ^EI( 7 +2«-4) , II^I(5+2m-4) , ^EI(5+2m-4) 



= e~~6- v,T " ^+ e — e ^* ^+e — 6— v-r-" ^+ e — r 

= 2 COS |( 7 +2/-4) + 2 COS |(5+2m-4) 

and 



_ 4 Stt^T 



— s 2 = —oj s 2 = —e e s 2 

= 1 + 4 COS |( 7 +2/-4) COS |(<S+2m-4). 

The analogue of Proposition 14.91 is that the map (7, 5) h-> (sf, sf) is 
injective on the region 7 > —2, 5 < 2, 7 — 5 < 2. 

The map 7 H- cos|(7+2Z-4) is injective on [—2,4] only for I = 0, 3 
mod 6. The map 5 1— > cos|(7+2m-4) is injective on [—4,2] only for 
m = 1,4 mod 6. We conclude that (l,m) = (0, 1) or (3,4). This gives 
the stated values for sf, sf. 

Case 6b: 

Here (a, 6, c, d, e, /) = (0 or 3, I, m, 3 or 0, — m, — /) for some l,m E 
Z/6Z. This gives 



si 



-(7+2/) , ^,^3.(7+20 , ^^I(5+2m) , ^EL(5+2m) 



= e~ ~ v ; + e — e — v ^"-> + e —*-v^"">> + e" 

= 2 COS I (7+20 + 2 COS |(5+2m) 

and 

= 1 + 4 COS I (j+2l) COS |(<5+2m). 

The map 7 1— >■ cos f (7+2Q is injective on [—2, 4] only for I = 1, 4 mod 6. 
The map 5 t— >• cos|(7+2m) is injective on [—4,2] only for m = 2, 5 
mod 6. Hence (Z,m) = (1,2) or (4,5). This leads to the same values 
for sf, sf as in case 6a. 
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Case 6c: 

Here (a, b, c, d, e, /) = (/, 1 or 4, —I — 4, — m — 4, 4 or 1, m) for some 
l,m E Z/6Z. We obtain 



co Si = e e si 

i( 7 +2«-2) , ^EI( 7 +2«-2) , H^EL(8+2rn-2) , =^EI (g+2m-2) 



_ g g V [T» ^ _|_ g g v r-r« *v _|_ g g V i/-r^i#» <.j _|_ g - 

= 2 COS | (7+2^-2) + 2 COS |(<5+2m-2) 

and 



-2, 



— s 2 = —oo S2 = — e s s 2 

= 1 + 4 COS | (7+2J-2) COS |(5+2m-2). 

The map 7 >->■ cos|( 7 +2/-2) is injective on [—2,4] only for I = 2, 5 
mod 6. The map 5 >->■ cos|(7+2m-2) is injective on [—4,2] only for 
m = 0, 3 mod 6. We conclude that (/, m) = (2, 3) or (5, 0). Again this 
gives the same values for sf, sf as m case 6a. 
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